To maximize annual power generation and to improve firm power are important but competing goals for hydropower stations. The firm power output is decisive for the installed capacity in design, and represents the reliability of the power generation when the power plant is put into operation. To improve the firm power, the whole generation process needs to be as stable as possible, while the maximization of power generation requires a rapid rise of the water level at the beginning of the storage period. Taking the minimal power output as the firm power, both the total amount and the reliability of the hydropower generation are considered simultaneously in this study. A multi-objective model to improve the comprehensive benefits of hydropower stations are established, which is optimized by Non-dominated Sorting Genetic Algorithm-II (NSGA-II). The Three Gorges Cascade Hydropower System (TGCHS) is taken as the study case, and the Pareto Fronts in different search spaces are obtained. The results not only prove the effectiveness of the proposed method, but also provide operational references for the TGCHS, indicating that there is room of improvement for both the annual power generation and the firm power.
Introduction
Hydropower energy is an important component of the power system with the advantages compared to thermal or nuclear power of being clean, renewable, low-cost, and flexible. The optimization of hydropower is of great significance to the stable, safe, and economic operation of the whole power system. China has abundant hydropower resources, with a theoretical amount of 6.9 × 10
With the proposal of the concept of non-dominated solutions, i.e., the Pareto set, multiple objectives can be optimized simultaneously with no simplification, and a set of optimum instead of a certain particular optimal solution is obtained to provide references for decision makers. Kim et al. [15] optimized a multi-objective problem of four reservoirs by Non-dominated Sorting Genetic Algorithm II (NSGA-II) [16] , thus obtaining non-dominated solutions balancing reservoir release and water level. Reddy et al. [17] applied a Multi-Objective Genetic Algorithm (MOGA) to multi-reservoir optimization with multiple objectives to resolve the conflicts between irrigation and power generation. Li et al. [18] proposed a novel multi-objective shuffled frog leaping algorithm with application to reservoir flood control operation. A multi-objective cultured differential evolution method to generate optimal trade-offs in reservoir flood control operation was presented by Qin et al. [19] . The methods based on non-dominated solutions respect the inherent characteristics of the multi-objective problems, such as incommensurability and contradictoriness, and offer a series of alternative schemes, so that the decision makers can select the one that best meets the requirement according to the current situation.
The optimization of hydropower plants is able to produce remarkable economic benefits without any additional expense. Both theoretical research and practice have demonstrated that the optimization of hydropower scheduling can increase power generation by 1% to 7% [20] . At the same time, the hydropower reliability also has to be evaluated, as it is based on a natural inflow with some uncertainty. Firm power can be used as an indicator for the reliability of power generation. Theoretically, firm power is the mean power output in a certain critical period. The critical periods are distinct for different kinds of hydropower plants, for instance, run-of-river or daily regulated plants take a day as the critical period, and annually regulated plants take the dry season as the critical period. For most studies, the calculation of firm power is handled by the duration frequency curve of the outputs, of which the one with the design guarantee rate of the hydropower station is chosen as the firm power. As a result, the calculated firm power differs from the defined one. For example, suppose the outputs in a certain critical period are 70, 30 and 200 MW, respectively, and thus the mean output is 100 MW, which is defined as the firm power. Normal operation is inferred for this hydropower plant according to the definition. However, in reality, the normal operation is broken twice as the output has been below 100 MW twice. To avoid such a contradiction, a penalty function is frequently used to guide the power output process towards the firm output. Nevertheless, the use of penalty functions equalizes the generation process and affects the optimization of the whole power generation.
In this study, a multi-objective model not only maximizing the annual power generation, but also improving the reliability of the power output is presented. The firm power is selected to represent the reliability of the power output. The reservoir release in each time period is taken as the decision variable to determine an optimal operational scheme. Various operational constraints have to be met during the optimization, mainly including the constraints of water level, release, water balance and so on. With respect to the incommensurability of the two objectives, the optimization adopts NSGA-II to obtain the Pareto solutions, i.e., the Pareto front, instead of incorporating the objectives into one with different weights. The Three Gorges Cascade Hydropower System (TGCHS), the largest hydropower system in the world, is taken as the study case. Pareto fronts after different iterations within different search spaces are obtained. The results prove both the effectiveness and the efficiency of the proposed method. On average, the annual power generation can be increased by 4.66%, equivalent to 41.91 × 10 8 kWh of the energy, while the firm power increase is around 1.37%, amounting to 9.00 × 10 of power generation or firm power presented in this paper can be used for multi-objective optimization models other than the one studied here. To maximize power generation as one of the operational objectives a way of accomplishing that is to utilize the water head to increase the power generation while reducing the abandoned water. The objective function can be written as:
Multi-Objective Model
where E is the annual power generation; t and i are the index of the time and reservoirs, respectively; N is the output of the hydropower plant, which is a function of the reservoir release Q; H  is the water head; and t  is the time step.
Objective 2: Maximizing Firm Power
The calculation of the firm power differs from the design stage to operation period. In the design stage, firm power is calculated to determine the install capacity of the hydropower station. According to the definition, all the existing hydrological data should be used to calculate the mean power outputs in each dry season, and then they should be ranked according to their frequency to plot an output-frequency curve. The output corresponding to the design guarantee rate on this curve is determined to be firm power.
In the published literature there are several methods to work out firm power, such as the equal power output method, the equal discharge method, basic curve method, and graphical method. In this study, the Maxmin model is selected to optimize the firm power, as shown in Equation (2), which has been proved to be capable of obtaining the same minimal output as the equal output method with more direct and reliable results [21] :
Decision Variables
According to Equations (1) and (2), hydropower output depends on reservoir release, which thus is determined to be the decision variable, shown in Equation (3):
Constraints
The main constraints of reservoir operation can be classified into:
Constraints on Water Level
,min ,max 
Constraints on the Water Discharge of the Reservoir
The lower limit of the water discharge from a reservoir is to satisfy the downstream needs, such as navigation and ecology, while the upper limit of the discharge is set as the maximum allowable discharge of the reservoir, as shown in Equation (5): ,min ,max 
where V is the storage; and I is the incoming inflow.
Water Level-Storage Curve
The relationship between water level and the reservoir storage is presented by piecewise linear interpolation function f(x):
The relationship between tail water level and the discharge is also presented by piecewise linear interpolation function g(x):
where T is the tail water level.
The Characteristic Curve of Unit Output
The power output N is a function of the reservoir release Q and water head H  :
where K is the comprehensive coefficient of power output.
Optimization with NSGA-II

Multi-Objective Problem
A general multi-objective optimization problem (MOP) can be described as a vector function F that maps a tuple of k parameters (decision variables) to a tuple of m objectives. Formally:
subject to: 
where x is the decision vector, X is the parameter space, y is the objective vector, and Y is the objective space. In MOP, the desired goals are often conflicting with each other and it is not possible to satisfy all the goals at the same time. Hence, it gives a set of non-inferior solutions also known as Pareto optimal solutions [22] . Mathematically, the concept of Pareto optimality is as follows:
Without a loss of generality, a minimization problem considering two decision vectors ,
All decision vectors which are not dominated by any other decision vector of a given set are called non-dominated regarding this set. In other words, a solution a of the MOP is said to be Pareto optimal if and only if no other solution in the solution space gives a better value for one objective without also causing degraded performance in at least one other objective.
NSGA-II
The NSGA-II proposed by Deb et al. [16] is effective and popular for MOP, using population-based evolutionary algorithms. A great number of NSGA-II applications can be found in multi-objective water-resources problems, such as those described in [23] [24] [25] [26] [27] [28] .
Genetic algorithms are based on the mechanics of natural selection and natural genetics, the main procedure of which includes selection, crossover and mutation. They exploit not a single solution but a set of possible solutions, namely a population, to search for the global optimum. Such a characteristic shows the superiority when dealing with MOP, as it can easily determine which solution is superior to the others, even though only one run of the optimization model is performed [24] . An approach based on GA, called non-dominated sorting genetic algorithm (NSGA) was proposed by Srinivas and Deb [29] . Like GA, it starts with a randomly generated population of candidate solutions, and the fitness assignment is carried out in several steps. In each, the non-dominated solutions constituting a non-dominated front are assigned the same dummy fitness value. These solutions are shared with their dummy fitness values and ignored in the further classification process. Finally, the dummy fitness is set to a value less than the smallest shared fitness value in the current non-dominated front. Then the next front is extracted. This procedure is repeated until all individuals in the population are classified [30] .
The NSGA-II proposed by Deb et al. [16] improves the original NSGA by incorporating two important sorting procedures: non-dominated sorting and crowding distance sorting [31] . The former helps speed up the sorting process and reduce the time complexity. The crowding distance calculated by Equation (13) represents the density of individuals in the same class and it keeps the population diverse and consistently spread-out on a Pareto-optimal front:
where D(k) is the crowding distance of the k-th individual, 
Implementation
The NSGA-II starts with randomly generated individuals in the feasible region. The genes on each individual are expressed as shown in Equation (3). The reservoir inflow in each time period has been chosen as the model input. With the reservoir release and inflow, the storage in each time period can be worked out according to Equation (6) , and the water level and the tail water level can be derived from Equations (7) and (8). The power outputs are then calculated by Equation (9), and the objective functions in Equations (1) and (2) of each individual are finally evaluated.
Selected by non-dominated sorting and crowding distance sorting in succession, those solutions with higher quality are preserved to take part in crossover and mutation. The objectives of those new individuals are calculated again, and the iterations continue until a certain stop criterion is satisfied. A scheme of the proposed optimization model is given in Figure 1 . 
Results and Discussions
Case Study-Three Gorges Project
The Yangtze River, with a length of 6363 km, is the longest river in China. It originates on the Tibet Plateau and goes through 11 Chinese provinces. The total drainage area of the Yangtze River takes up about 20% of the national territorial area occupied by 1/3 of the national population. The gross output value of industry and agriculture in this area accounts for almost half the national total.
The watershed system of the Yangtze River is enormous and the river flow is also abundant with a slope fall of over 5000 m, with huge hydro energy potential. The theoretical hydroelectric potential is 2.68 × 10 8 kW, or 40% of the national total, of which 1.97 × 10 8 kW is exploitable, accounting for 53.4% of the national total.
The Three Gorges Project (TGP) which is located on the Yangtze River in the middle of the China, as shown in Figure 2 , is currently the largest hydropower station in the world for both the installed capacity and the annual power generation. There are 26 units of 700 MW installed in the TGP, which could generate about 850 × 10 kg CO and tons of dust. The Gezhouba (GZB) project, the auxiliary-regulating reservoir of the TGP, lies 38 km downstream of the TGP. As the largest runoff hydropower station in the world, the GZB has a total installed capacity of 2715 MW. The cascade hydropower system composed of the TGP and the GZB, the Three Gorges Cascade Hydropower System (TGCHS), supplies electricity for almost half of China. The economic power transmission region within 400-1000 km includes central China, eastern China, and the Guangdong area, so that these regions can be connected as a big electric power system to benefit from off-peak power consumption, and hydro-thermal power alterations. Only for the networking of central and eastern power system, the off-peak power consumption of 300-400 × 10 4 kW can be obtained. Because of its importance, not only its total energy generation should be optimized, but also the reliability of the power generation of the TGCHS needs to be assured.
Results
The TGP began its pilot run in 2003, and the reservoir reached the normal water level of 175 m in 2007. 2011 was the driest year after the TGP was put into operation, when the balance between power generation and the reliability of the power output was particularly important, thus we selected 2011 as the study case. The TGP inflows in 2011 were taken as the model input. The comprehensive coefficients of power output for TGP and GZB were set to be 8.5 and 8.35, respectively, as suggested by Cai [32] . Operational parameters were provided by the Three Gorges Corporation. In the optimization, the initial population was set to 500; Simulated Binary (SBX) Crossover [33] with the probability of 0.90 and polynomial mutation [34] with the probability of 0.10 were carried out.
No feasible solution can be found if each variable is generated randomly in the whole search space. The reason for this is the premature convergence of GA resulting from the high dimensionality of the decision variables and large feasible domain of each variable. A good quality search space should not be too large but cover the global optimum, if possible [35] . In this study, the search space was constrained within a certain range of the historical data. Taking the historical average monthly flow as the benchmark, the half range width of 5%, 10% and 11% were tested to determine the best search space for this case, as shown in Figure 3 .
When the search space is set as [−5%, +5%] fluctuation of the historical data, i.e., each decision variable was generated randomly in [95%, 105%] of the corresponding monthly release of 2011, the Pareto fronts after 100, 500, and 1000 iterations are shown in Figure 3a , represented by hollow, grey and red bubbles, respectively. It can be seen that the optimal solutions converge sharply as the iterations go on. The contradiction between increasing power generation and improving firm power can be also illustrated by the figures. Although the convergence rate in Figure 3a is desirable, the optimization seems trapped in a local optimum, and the improvement room is limited compared to Figure 3b , which enlarges the search space to [−10%, +10%] fluctuation of the historical data. The optimization process in Figure 3b appears steady and improving with the iteration. However, if the search space continues expansion, the optimization drops as seen in Figure 3c . Such performance reaffirms that if the search space is too small, the global optimum may be lost; while if it is too large, the difficulty of premature convergence may still arise. A further evidence is that with a range larger than [−11%, +11%] fluctuation, no feasible solution can be found.
To inspect the quantitative relationships between annual power generation and firm power, the statistical results of the Pareto Front, including the mean, the maximum, the minimum, the variance, and the SD value of the two objectives in the Pareto Front after 1000 generations within [−10%, +10%] fluctuation are presented in Table 1 . It needs to be illustrated that, to avoid the errors caused by the modeling, the original power generation is the one calculated by Equation (9) instead of the historical data. The annual power generation can be maximized by 4.83%, amounting to 43.37 × 10 8 kWh of the energy, while it costs 0.21 × 10 6 kW of the firm power, which accounts for 3.20%. If the firm power is increased by 5.33%, the annual power generation can only be optimized by 4.47%, equivalent to 40.15 × 10 8 kWh of power generation. Generally, annual power generation on the Pareto Front has an improvement room of about 4.66% on average, and that of the firm power is around 1.37%. The results not only illustrate the room for power generation and firm power improvement, but also indicate that the two competing objectives can be increased simultaneously in some cases.
The optimal operation scheme with best objective function values of power generation and firm power after 1000 generations is presented in Figure 4 , which provides a reference for the operation of TGP in the future. To increase power generation, a high water level needs to be maintained as long as possible, thus less water should be released before the flood season. In flood season, the water level has to be lowered to around 145 m for the TGP, and the release becomes the dominant factors of the power generation instead of water head. More water should be released in flood season to improve the energy production. Compared with historical release process, to maximize the firm power requires a more flat release process, which means the electricity should be as equalized as possible. The differences in the power generation processes between the maximum and the actual value are shown in Figure 5 . Figure 5a shows the monthly power generation differences with optimal release for maximal annual energy generation, which is the scenario represented by black circles in Figure 4 ; and Figure 5b shows the monthly firm power differences with the scenario of grey squares in Figure 4 . For the optimization of both the energy production and the firm power, the power output should be more focused in the flood season from June to September, and also, more water should be distributed to the TGP instead of the GZB. However, to maximize the gross power generation, more water needs to be reserved to the flood season, and in the non-flood season before that, the power output should be reduced. On the contrary, the maximization of firm power prefers a stable process, even though the gross power generation decreases. Such analysis provides quantitative references for the actual operation. 
Conclusions
To increase the annual power generation and the firm power represents a pair of important but conflicting objectives for the operation of hydropower stations, with distinct economic benefits. As the largest cascade hydropower stations in the world, the Three Gorges Cascade Hydropower System (TGCHS) supplies electricity for large areas of China. The reliability of its power production, which is represented by firm power in this study, is thus of great significance. The annual power generation of the TGCHS is over 100 billion kWh, and just a 5% improvement means 5 billion kWh of electric power, which is worth as much as 0.2 billion US dollars (the on-grid price of the TGCHS is about $0.04 US dollars). A multi-objective model considers both the gross amount of power production and its reliability is proposed, which is optimized by the Non-dominated Sorting Genetic Algorithm-II (NSGA-II). The application on the TGCHS of the proposed method indicates:
(1) An efficient search space has a great influence on the random optimization algorithm, such as the NSGA-II. The search space should be neither so large that it brings about a large number of infeasible solutions, nor so small that it loses information. Taking a relatively good solution as a benchmark to establish such an efficient sub search space is effective.
(2) Quantitative relationships between annual power generation and firm power, the statistical results on the Pareto Front prove their contradictoriness. The annual power generation can be maximized by 4.66% on average, amounting to 41.91 × 10 8 kWh of the energy, while and that of the firm power is around 1.37%.
(3) The improvement of the annual power generation and firm power requires different water distribution schemes. High water levels need to be maintained as long as possible to increase the power generation, while the whole power production process needs to be as stable as possible for the firm power increment.
The results not only prove the effectiveness of the proposed study, but also provide quantitative relationships between power generation and firm power, as well as operational references. Extensions of the proposed method to the integration with other objectives such as environmental protection can be expected.
